Abstract-We study the problem of communication over compound quantum channel in the presence of entanglement. Classically such channels are modeled as a collection of conditional probability distributions wherein neither the sender nor the receiver is aware of the channel being used for transmission, except for the fact that it belongs to this collection. We provide achievability and converse bounds for this problem in the one shot quantum setting in terms of quantum hypothesis testing relative-entropy. Our achievability proof is similar in spirit to its classical counterpart. To arrive at our result, we use the technique of position based decoding along with a new approach for constructing a union of two projectors, which can be of independent interest.
I. INTRODUCTION
A typical assumption while communicating over a channel is that the communicating parties are aware of the channel characteristics. This means that the parties know the output distribution (or the quantum state) for a given input (or a quantum state). This leads to the well known model of point to point channel, which has been extensively studied in literature starting from the seminal work of Shannon [1] .
It is not hard to imagine a real world setting which differs from this point of view. Let us consider the case where the communicating parties are not completely aware of the channel characteristics, potentially due to lack of sufficient statistical data or chaotic behavior of the channel. In such a case, the parties may have to work with the assumption that the channel is an element of a finite collection of channels. This setting is known as the compound channel. It has a straightforward quantum version where the channel is an element of a finite collection of quantum maps, that is, {N (1) , N (2) , . . . , N (s) }. In this work, we shall consider the entanglement assisted classical capacity of such compound quantum channels. By standard duality between teleportation and superdense coding, our results also apply to entanglement assisted quantum capacity.
The classical version of this problem in the asymptotic i.i.d. (independent and identically distributed) setting was studied in [2] , [3] (see also [4, Theorem 7 .1]). The quantum capacities of compound quantum channels have been studied in several works, such as [5] , [6] , [7] , [8] , [9] , [10] , [11] . The work [11] studied the entanglement assisted capacities in one shot and asymptotic i.i.d. setting, where optimal results were obtained in the asymptotic i.i.d setting. The key tool used in [11] was that of the decoupling method and their bounds were obtained in terms of smooth min and max entropies.
In this work, we give a one shot achievability result for this task in terms of the quantum hypothesis testing relativeentropy. This relative-entropy has been shown to characterize the near optimal amount of communication possible over the classical-quantum channel [12] and entanglement assisted quantum channel [13] . Broadly, our technique follows the position-based decoding method introduced in [13] , which allows for quantum hypothesis testing to be performed on several registers. But we require a new technical component along with that used in [13] . A key challenge that arises is to formulate a suitable quantum version of the union of two events in probability theory. In the classical achievability result for communication over compound channel, one uses a statement of the form Pr {E 1 ∪ E 2 } ≥ max{Pr {E 1 } , Pr {E 2 }}, for two events E 1 and E 2 (see for example, [4, Theorem 7.1]), which is a converse to the union bound that states Pr {E 1 ∪ E 2 } ≤ Pr {E 1 }+Pr {E 2 }. Quantum analogues of both these statements have been studied in previous works. Two well known examples of quantum version of the union bound are the Hayashi-Nagaoka inequality [14] and the results on sequential measurement [15] , [16] , [17] . The converse to the union bound has been studied in the quantum setting in [18] (where it is called "Quantum OR bound") and in [19] . The result in [19 Above result cannot be used for our purpose since we require a one shot decoding strategy which makes an error of at most ε, for every ε ∈ (0, 1). To overcome this, we prove a new quantum analogue of the converse to the union bound in Theorem 2, which is more suited for our application. This is one of the main contributions of this paper and uses Jordan's lemma (on the joint structure of two projectors) at its core. Informally, the statement of Theorem 2 is as follows. 
Using Theorem 2 and the aforementioned position based decoding, we give our achievability result in Theorem 3.
Our achievability result is in terms of a one shot quantity derived from quantum hypothesis testing relative-entropy. More precisely, let D ε H (ρ σ) denote the quantum hypothesis testing relative-entropy. We consider the following variant of the quantum hypothesis testing relative-entropy, for a bipartite quantum state ρ AB :
where the minimization is over all quantum states σ A . This quantity appeared earlier in the work [20] in context of converse bounds for entanglement assisted classical communication over noisy quantum channels. Using the techniques developed in [20] , we also give a converse bound for our task (which was also observed in the asymptotic i.i.d. setting in [11] ) in terms of I An important question is to establish the asymptotic i.i.d. properties of our bound. For this, we relate the quantity I ε H (A : B) ρ AB to the quantity D ε H (ρ AB ρ A ⊗ ρ B ) in Theorem 5, where we use the converse result in [20] and the achievability result in [13] . The achievability result in the asymptotic i.i.d. setting can then be obtained by appealing to the asymptotic i. [22] . A matching converse in the asymptotic i.i.d. setting has been given in [11] , again using the ideas developed in [20] .
An interesting variant of the compound channel is that of a compound channel with informed sender. In this setting, the sender knows which channel is acting from the given collection, but the receiver has no such information. This was considered in the classical asymptotic i.i.d. setting in [23] and in the quantum one shot and asymptotic i.i.d. settings in [11] . We give our achievability result in terms of a variant of the aforementioned one shot version of quantum mutual information, which appears in Section V.
II. FUNDAMENTAL NOTIONS IN QUANTUM INFORMATION

THEORY
For a natural numbers n, m with n ≤ m, let [n : m] represent the set {n, n + 1, . . . m}. For N > 0, log N is with respect to the base 2 and ln N is with respect to base e.
Consider a finite dimensional Hilbert space H endowed with an inner product ·, · (in this paper, we only consider finite dimensional Hilbert-spaces). The 1 norm of an operator X on H is X 1 := Tr √ X † X, 2 norm is X 2 := √ TrXX † and the ∞ norm is X ∞ , which is the largest eigenvalue of √ X † X . A quantum state (or a Let ρ AB be a quantum state. We define ρ B := Tr A ρ AB :=
, where {|i } i is an orthonormal basis for the Hilbert space H A . The quantum state ρ B is referred to as the marginal quantum state of ρ AB . Unless otherwise stated, a missing register from subscript in a quantum state will represent partial trace over that register. Given a ρ A , a purification of ρ A is a pure quantum state ρ AB such that Tr B ρ AB = ρ A .
A unitary operator U A :
A POVM on the register A is a collection of positive semi-definite operators {M i } i∈I such that i M i = I A . We will use the following definitions and facts. Definition 1. Let ρ, σ be quantum states. The quantum hypothesis testing relative-entropy is defined as
Definition 2. Let ρ AB be a quantum state. The following quantity is a variant of the quantum hypothesis testing relative-entropy:
We note that the minimization in above quantity is over the first register in the argument. 
Proof. From Definition 2, we conclude that Lemma 2 (Jordan's lemma, [25] ). For any two projectors Π (1) and Π (2) , there exists a set of orthogonal projectors {Π α } k α=1 (each of dimension either one or two), for some natural number k, such that
Fact 2 (Hayashi-Nagaoka inequality, [14] ). Let 0 ≺ S ≺ I, T be positive semi-definite operators. Then
Theorem 1 (Neumark's theorem). For any POVM {M i } i∈I acting on a system S, there exists a unitary U SP and an orthonormal basis {|i P } i∈I such that for all quantum states ρ S , we have
III. A UNION OF PROJECTORS
In this section, we prove a quantum version of the following classical statement. Let E 1 , E 2 ⊆ X be two sets and p be a probability distribution over X . Then there exists a set E * ⊆ X (more precisely,
The following lemma is a quantum version of this statement.
Lemma 3. Let {Π
(1) , Π (2) } be two projectors. For every δ > 0, there exists a projector Π such that for all quantum states ρ,
Lemma 3 allows us to the prove the following theorem, which is our main result.
Theorem 2. Let
Then there exists a projection operator Π such that
Proofs of all the results discussed above can be found in the full version of this work.
IV. COMMUNICATION OVER COMPOUND QUANTUM
CHANNEL
We begin with the following definition. 
Following is our achievability theorem.
be a compound quantum channel and let ε ∈ (0, 1). Let A ≡ A be a purifying register. Then, for any R satisfying
+(2 log 2s) log ε 6 log(2s) + log ε s ,
there exists an (R, 8ε)-entanglement assisted code for the compound quantum channel
Using the result given in [20] , we can show the following converse bound. 
Using the results in [21] , [22] , it allows us to prove that the following is an achievable rate of communication in the asymptotic and i.i.d. setting, recovering the result in [11] .
V. THE CASE OF INFORMED SENDER
In this section we discuss the case where the sender is aware about which channel in the set N
is being used for transmission. Towards this we make the following definitions:
Definition 4. Let ρ AB , σ B be quantum states. Define: 
The following lemma is an analogue of Lemma 1 and follows from Definition 4 and Fact 1. • A decoding operation D : BE B → M for Bob, with M ≡ M being the output register such that for all m and for all i ∈ [1 : s],
Pr {M = m|M = m} ≤ ε.
We prove the following achievability result:
be a compound quantum channel and let ε ∈ (0, 1). Let A ≡ A be a purifying register. Then for any R satisfying R ≤ min in the case of informed sender.
In the asymptotic and i.i.d. setting, we show that the following rate of communication is achievable, recovering the result in [11] . .
